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Simen Braeck∗ and Øyvind Grøn†
Oslo and Akershus University College of Applied Sciences,
Faculty of Engineering, P.O. Box 4 St. Olavs Plass, N-0130 Oslo, Norway
Within the theory of general relativity gravitational phenomena are usually attributed to the
curvature of four-dimensional spacetime. In this context we are often confronted with the question
of how the concept of ordinary physical three-dimensional space fits into this picture. In this work
we present a simple and intuitive model of space for both the Schwarzschild spacetime and the
de Sitter spacetime in which physical space is defined as a specified set of freely moving reference
particles. Using a combination of orthonormal basis fields and the usual formalism in a coordinate
basis we calculate the physical velocity field of these reference particles. Thus we obtain a vivid
description of space in which space behaves like a river flowing radially toward the singularity in the
Schwarzschild spacetime and radially toward infinity in the de Sitter spacetime. We also consider
the effect of the river of space upon light rays and material particles and show that the river model
of space provides an intuitive explanation for the behavior of light and particles at and beyond the
event horizons associated with these spacetimes.
I. INTRODUCTION
In teaching the theory of relativity we often meet the question: What is space? It is here understood that the
question is concerned with ordinary three-space and not the four-dimensional spacetime. The first part of the answer
is to make clear that space is a theory dependent concept. The second is to try to explain what we mean by ’space’
according to the general theory of relativity.
One definition is to say that space is a set of simultaneous events. Even if this is an essential part of what we mean
by space, this definition is not sufficient to give us a picture of space which makes us understand for example why
light can not be emitted from the horizon of a black hole. Also, we must demand from the properties of space that
they make us understand that special relativity is valid locally even in curved spacetime. Furthermore, the definition
should capture the phenomenon of inertial dragging, which will be considered in a later work.
In four-dimensional spacetime the concept of ordinary three-space is not uniquely defined. Due to the relativity
of simultaneity the separation of spacetime into space and time depends upon the motion of the reference particles
that define the three-space. For example, the spherical symmetry of space outside the center of a static, spherically
symmetric distribution of mass implies that it is mathematically convenient to choose a family of reference particles
which reflect this spatial symmetry as well as the static property of this spacetime, which leads to the famous
Schwarzschild metric. We shall call the class of coordinates that are comoving with a rigid reference frame defined
by a family of observers who remain at rest outside the mass distribution for Schwarzschild coordinates. Each one of
these observers is equipped with a coordinate clock synchronized with the coordinate clocks of all the other observers.
These coordinate clocks thus define the time coordinate t of the Schwarzschild coordinates. Setting t = const. then
defines the geometry of three-space corresponding to this particular frame of reference.
However, although it often may be mathematically convenient to choose coordinates in which the three-space is
closely adapted to the symmetries, for example of the static character, of the particular spacetime being studied,
this procedure does not necessarily lead to the most natural definition of three-space from a physical point of view.
For instance, the rigid frame of reference associated with the Schwarzschild coordinates ceases to exist at and inside
the horizon of a black hole even though the Schwarzschild spacetime is perfectly regular in this region, and physical
particles can fall through the horizon. Accordingly, it might be more natural in this case to associate ‘physical’
space with a reference frame defined by the set of reference particles which fall freely from infinity and right through
the horizon. In this context we also note that freely moving material particles single out a preferred set of curves
in spacetime1 (p. 8), namely those curves which all material particles independently of their nature follow in the
absence of any nongravitational influences (i.e., forces). In this sense free particles may be regarded as defining a set
of ‘natural’ motions in spacetime.
Thus, motivated by the discussion above, we shall here define the concept of ‘physical space’ as a continuum of
freely moving reference particles with specified initial conditions: In a space with a localized mass distribution, the
reference particles are assumed to be released with zero velocity from a region far from the mass distribution in which
a particle remaining at rest with respect to the mass has vanishing four-acceleration. In a homogeneous and isotropic
universe, the only motion of the reference particles is that due to a universal change of the distances between the
particles. This may be described by a single scale factor and defines the Hubble flow which obeys Hubble’s law. One
may show2 that these reference particles move freely.
2FIG. 1: Illustration of collapse to a black hole as presented in Ref.3. There the author writes that “as the curvature of spacetime
around the star increases, light rays become increasingly deflected from their usual straight paths. This deflection eventually
becomes so severe that all light rays are bent back down to the collapsing star’s surface”. The river model of space in the
Schwarzschild spacetime presented in this work demonstrates, however, that this ‘fountain’ picture is misleading.
In the present article we shall try to give a vivid impression of three-space as it appears in this ‘river model of space’.
In Sec. II we establish the concept of the river model of space by considering the three-space of the Schwarzschild
spacetime. We shall see that this model makes it clear why the ‘fountain picture’ in Fig. 1, which has been presented
in order to illustrate that light cannot escape from a black hole3, is misleading.
Our formulation of a river model of space in Schwarzschild spacetime is inspired by a recent version of the same idea
due to Hamilton and Lisle4 who developed a river model of non-rotating black holes by expressing the Schwarzschild
metric in the so-called Gullstrand-Painleve´ coordinates. In that model space itself is beautifully pictured as a river
flowing through a flat background while objects moving in the river move according to the rules of special relativity.
However, some of the basic features of this model contain elements of which the description depends on the authors’
particular choice of coordinates. For example, the velocity of the inflowing river of space corresponds to the radial
component of the coordinate velocity dr/dtff , where r is the radial coordinate and tff is both the coordinate time
and the proper time for a particle falling freely in the radial direction. (This coordinate velocity does have an
indirect physical interpretation, however, because the radial component of the four-velocity of a particle in radial free
fall equals the Newtonian escape velocity) Also, as the authors themselves recognize, the flat background “has no
physically observable meaning”, but is merely “a fictitious construct that emerges from the mathematics”.
In our version of the river model of space, the ‘background’ relative to which the river of space flows inward is
defined by the physical reference frame associated with the stationary observers outside the localized mass. In this
way the velocity of the river of space in our model represents an invariant physical quantity outside the Schwarzschild
horizon which is independent of the choice of spacetime coordinates and which, in principle, can be objectively
measured. The advantage of this formulation of the model is its immediate and intuitive connection to physical
observations. Moreover, our concept of the river of space can easily be generalized to many other spacetimes. This
simple and intuitive formulation has a price, however, in that it requires a somewhat unconventional interpretation
of the ‘background’ at and inside the black hole horizon. Nevertheless, it will be shown that, in the case of the space
outside a non-rotating black hole, our formulation of the river model yields essentially the same picture as in ‘the
river model of black holes’.
In Sec. III we extend the river model of space by considering the three-space of the de Sitter spacetime. The de
Sitter spacetime represents a bridge between the static spherically symmetric spacetimes and the expanding universe
models. While the river of space flows towards the central mass in the Schwarzschild spacetime, it flows outwards
in the de Sitter spacetime. The ‘inertial river’ is described in the same way as in the Friedmann universe models by
transforming from the original static coordinate system to a frame where the reference particles are the local inertial
frames.
With the river model of space we get a picture of a dynamical space in the spirit of the general theory of relativity.
3II. THE RIVER OF SPACE IN SCHWARZSCHILD SPACETIME
The Schwarzschild spacetime describes the geometry of the simplest example of a black hole as well as the empty
spacetime outside non-rotating stars. Our aim in this section is to establish the picture of a river model of space in
this spacetime in which ‘space’ is defined as a set of material reference particles having vanishing velocity at infinity
and moving freely in the radial direction. The reference particles may be thought of as so-called test particles5 having
masses so small that they themselves do not influence the curvature of spacetime. ‘Freely moving’ means that the
reference particles are not influenced by any (non-gravitational) forces.
In order to obtain the physical velocity field of the river of space, we begin by examining the radial trajectories of
freely falling particles in the Schwarzschild spacetime. Then we extend the analysis of the river of space to the region
inside the Schwarzschild horizon. In this connection we introduce a set of imaginary stationary observers at and inside
the horizon which are not physically real, but which nevertheless turn out to be useful in an intuitive comparison of
Schwarzschild black holes to the analogous Newtonian case. As a result, the river of space flows faster than the speed
of light relative to the stationary observers inside the horizon and thereby drags all physical particles and light rays
toward the singularity in this region.
A. Coordinate velocity of a particle in radial free motion
As already mentioned in the introduction, gravitational phenomena can be ascribed to the effects of spacetime
curvature upon the motion of free particles. Accordingly, one would expect that the three-space of the Schwarzschild
geometry may be naturally defined in terms of a reference frame constituting of a set of freely falling particles. Indeed,
the Schwarzschild spacetime can be described in terms of so-called Lemaˆıtre coordinates to which one associates such
a reference frame. However, this description of the Schwarzschild spacetime does not correspond to the gravitational
effects induced by a central mass as they will appear to an observer at rest on the Earth’s surface. Hence, we shall
relegate this description of the Schwarzschild spacetime to the Appendix.
Then, in Schwarzschild coordinates (t, r, θ, φ), the Schwarzschild geometry is described by the line element
ds2 = −
(
1− RS
r
)
c2dt2 +
(
1− RS
r
)−1
dr2 + r2dΩ2 , (1)
where RS = 2GM/c
2 denotes the Schwarzschild radius and dΩ2 = dθ2 + sin2 θ dφ2 is the solid angle element. It is
well known, however, that the metric given in (1) exhibits a coordinate singularity at r = RS . The Schwarzschild
coordinates thus fail to properly cover the region r ≤ RS of the Schwarzschild spacetime. Since, in establishing the
river model of space, we are interested also in future–directed particle paths in the region r ≤ RS , we must choose
a system of coordinates that appropriately describe the Schwarzschild spacetime in the entire region r > 0. The
simplest coordinates that fulfill this requirement are the so-called Eddington-Finkelstein coordinates (t˜, r˜, θ˜, φ˜). They
are related to the Schwarzschild coordinates by the coordinate transformations
t = t˜− RS
c
ln
(
r
RS
− 1
)
, r = r˜, θ = θ˜, φ = φ˜ . (2)
This is an internal coordinate transformation2 (p. 79) between different coordinates co-moving with the same reference
frame. By an internal transformation we mean a transformation for which the spatial coordinates of the new coordinate
system depends only on the spatial coordinates of the old system of coordinates. Using these transformations in the
line element in Eq. (1) the form of the line element in Eddington-Finkelstein coordinates is calculated to be
ds2 = −
(
1− RS
r˜
)
c2dt˜2 + 2
RS
r˜
c dt˜dr˜ +
(
1 +
RS
r˜
)
dr˜2 + r˜2dΩ˜2 . (3)
This line element exhibits no coordinate singularity at r˜ = RS and hence is suitable for describing particle paths in
the entire region r˜ > 0.
Note that the three-space of a static reference frame in the Schwarzschild spacetime is not obtained by putting
t˜ = constant. In general the line element of a three-space orthogonal to the world lines of the reference particles in a
frame is given by2
dl2 = γijdx
idxj , (4)
where
γij = gij − gi0gj0
g00
(5)
4are the components of the spatial metrical tensor. The quantities γij transform like tensor components, and the
spatial line element is invariant under internal coordinate transformations.
With the line element in (3),
gt˜t˜ = −
(
1− RS
r˜
)
c2, gr˜t˜ =
RS
r˜
c, gr˜r˜ = 1 +
RS
r˜
(6)
giving
γr˜r˜ =
1
1− RSr˜
(7)
and
dl2 =
dr˜2
1− RSr˜
+ r˜2dΩ˜2 , (8)
in accordance with the spatial line element obtained by putting dt = 0 in the line element (1).
Consider now a reference particle falling freely along the radial direction for which dθ˜ = dφ˜ = 0, and assume that
the particle is released with zero velocity at the radial coordinate position r˜ = r˜0 at the coordinate time t˜ = 0. The
Lagrangian of the freely falling particle may then be written
L =
1
2
gµν x˙
µx˙ν = −1
2
(
1− RS
r˜
)
c2 ˙˜t2 +
RS
r˜
c ˙˜t ˙˜r +
1
2
(
1 +
RS
r˜
)
˙˜r2 , (9)
where the dots denote the derivatives with respect to the proper time τff of the freely falling particle. Since the
Lagrangian is independent of t˜, the momentum conjugate to the time–coordinate pt˜ is a constant. Hence,
˙˜t and ˙˜r
must satisfy the equation
pt˜ =
∂L
∂ ˙˜t
= −
(
1− RS
r˜
)
c2 ˙˜t+
RS
r˜
c ˙˜r . (10)
From the four-velocity identity gµν x˙
µx˙ν = −c2 we obtain the second equation that ˙˜t and ˙˜r must satisfy as
pt˜
˙˜t+
RS
r˜
c ˙˜t ˙˜r +
(
1 +
RS
r˜
)
˙˜r2 = −c2 . (11)
Inserting the initial condition ˙˜r |r˜=r˜0 = 0 in Eqs. (10) and (11), the constant pt is calculated to be
pt = −
√
1− RS
r˜0
c2 . (12)
Obtaining ˙˜t from Eq. (10) and substituting the result in Eq. (11) yields the equation
−
(
pt˜ +
RS
r˜
c ˙˜r
)
pt˜ − RSr˜ c ˙˜r(
1− RSr˜
)
c2
+
(
1 +
RS
r˜
)
˙˜r2 = −c2 , (13)
or
˙˜r = −
√
RS
(
1
r˜
− 1
r˜0
)
c , (14)
where the negative sign has been chosen because the particle is falling inwards toward smaller r˜. The rate of the
coordinate time with respect to the proper time of the particle is
˙˜t =
√
1− RSr˜0 − RSr˜
√
RS
(
1
r˜ − 1r˜0
)
1− RSr˜
. (15)
5Finally, combining Eqs. (14) and (15), we obtain the radial coordinate velocity of a freely falling particle as
dr˜
dt˜
= −
(
1− RSr˜
)√
RS
(
1
r˜ − 1r˜0
)
√
1− RSr˜0 −
RS
r˜
√
RS
(
1
r˜ − 1r˜0
) c . (16)
The river of space is defined by those freely falling particles that are initially at rest at infinity. Hence, the coordinate
velocity of the river of space is (
dr˜
dt˜
)
space
= lim
r˜0→∞
dr˜
dt˜
= − (r˜ −RS)
√
RS
r˜3/2 −R3/2S
c . (17)
In particular, using L’Hopital’s rule, we find that the coordinate velocity of the river of space at the horizon r˜ = RS
is
(
dr˜/dt˜
)
space = −(2/3) c.
In our discussion of the Schwarzschild geometry, we will also be interested in the motion of light rays. Light rays
move along null geodesics for which ds2 = 0. The coordinate velocity of light
(
dr˜/dt˜
)
l
is therefore given by
(
1 +
RS
r˜
)(
dr˜
dt˜
)2
l
+ 2
RS
r˜
c
(
dr˜
dt˜
)
l
−
(
1− RS
r˜
)
c2 = 0 , (18)
with solutions (
dr˜
dt˜
)
l+
=
r˜ −RS
r˜ +RS
c ,
(
dr˜
dt˜
)
l−
= −c (19)
for outwards and inwards moving light rays, respectively. Accordingly, at the horizon of a black hole, the coordinate
velocities of light are
(
dr˜/dt˜
)
l+
|r˜=RS = 0 and
(
dr˜/dt˜
)
r˜=RS
= −c.
B. The physical velocity field of the river of space in the region r˜ > RS
The radial component of the coordinate velocity (16) does not, however, define a physical quantity that an observer
would measure in his local laboratory. Indeed, dr˜/dt˜ is the radial component of the velocity given with respect to the
coordinate basis vectors eµ˜ which are generally neither unit vectors nor orthogonal. On the other hand, observers with
their associated local laboratories measure components of vector quantities with respect to their comoving orthonormal
basis vectors. For this reason we shall next introduce a field of orthonormal basis vectors corresponding to the local
laboratories of stationary physical observers in the Schwarzschild spacetime, and then calculate the radial velocity
field of a freely falling particle as measured by these stationary observers.
To construct a set of orthonormal basis vectors corresponding to a stationary observer, we first note that the
timelike unit basis vector esτˆ associated with the stationary observer is identical to the observer’s four-velocity us.
This identification is directly carried over from special relativity to general relativity due to the equivalence principle.
Using that dr˜ = dθ˜ = dφ˜ = 0 for stationary observers, we thus obtain
e
s
τˆ = us =
dxµ˜
dτs
eµ˜ =
1√
1− RSr˜
et˜ , (20)
where τs denotes the proper time of the stationary observer and the last equality follows directly from the line
element (3) because ds2 = −c2dτ2s for the time like path of the observer. Next, we let two of the three spacelike unit
basis vectors be aligned with the θ˜– and φ˜–directions. Accordingly,
e
s
θˆ
=
1
r˜
eθ˜ , e
s
φˆ
=
1
r˜ sin θ˜
eφ˜ . (21)
It is worth noting here that the three coordinate basis vectors et˜, eθ˜ and eφ˜ associated with Eddington-Finkelstein
coordinates are equal to the three coordinate basis vectors et, eθ and eφ associated with Schwarzschild coordinates,
respectively. This may readily be confirmed by using the standard transformation rule eµ = (∂x˜
ν/∂xµ) eν˜ , where the
transformation matrix ∂x˜ν/∂xµ is given by Eq. (2). The spacelike unit basis vector esrˆ, pointing in the increasing
6r–direction of the Schwarzschild coordinates, may now be found by noting that esrˆ =
√
1−RS/r er and using the
transformation rule er = (∂x˜
ν/∂r) eν˜ , giving
e
s
rˆ =
RS
r˜
√
1− RSr˜ c
et˜ +
√
1− RS
r˜
er˜ . (22)
This result could also have been found without invoking the Schwarzschild coordinates by writing esrˆ = a
t˜
set˜ + a
r˜
ser˜
and solving the two equations esrˆ · esτˆ = 0 and esrˆ · esrˆ = 1 for at˜s and ar˜s. The set of mutually orthonormal basis vectors
{esτˆ , esrˆ, esθˆ, esφˆ} satisfy the requirements for an orthonormal basis, i.e.,
e
s
µˆ · esνˆ = ηµˆνˆ , (23)
where ηµˆνˆ denotes the Minkowski metric.
Using the same technique as Mu¨ller6, we may now calculate the radial velocity field of a freely falling particle by
examining it’s 4-velocity uff . In the Eddington-Finkelstein coordinates we obtain
uff =
dxµ˜
dτff
eµ˜ =
˙˜t et˜ + ˙˜r er˜ =
(
et˜ +
dr˜
dt˜
er˜
)
˙˜t , (24)
where ˙˜t and dr˜/dt˜ are given by Eqs. (15) and (16), respectively. The stationary observers, however, measure physical
quantities in their proper reference frames7. Accordingly, let (τs, xˆ
r
s, xˆ
θ
s, xˆ
φ
s ) denote the coordinates in the proper
reference frame such that the coordinate axes of the rectangular grid (xˆrs, xˆ
θ
s, xˆ
φ
s ) are aligned with the directions of
the orthonormal basis vectors {esrˆ, esθˆ, esφˆ}. Then, in analogy with calculations of velocities within the special theory
of relativity, the particle’s coordinate velocity dxˆrs/dτs in an orthonormal basis is equivalent to the particle’s physical
velocity as measured by the stationary observers. In these coordinates the 4-velocity of the freely falling particle is
given by
uff =
dxµˆs
dτff
e
s
µˆ =
(
e
s
τˆ +
dxˆrs
dτs
e
s
rˆ
)
dτs
dτff
=

 1√
1− RSr˜
et˜ +
dxˆrs
dτs

 RS
r˜
√
1− RSr˜ c
et˜ +
√
1− RS
r˜
er˜



 dτs
dτff
. (25)
Since the expressions in Eqs. (24) and (25) must be equal, this gives the two equations
˙˜t =
1√
1− RSr˜
(
1 +
RS
rc
dxˆrs
dτs
)
dτs
dτff
,
dr˜
dt˜
˙˜t =
√
1− RS
r˜
dxˆrs
dτs
dτs
dτff
. (26)
Eliminating dτs/dτff from these equations we find the general relation between the radial coordinate velocity dr˜/dt˜
in the Eddington-Finkelstein system and the radial physical velocity dxˆrs/dτs as measured by an observer at rest in
the reference frame,
dr˜
dt˜
=
(
1− RSr˜
) dxˆr
s
dτs
1 + RSr˜c
dxˆr
s
dτs
, (27)
or
dxˆrs
dτs
=
dr˜
dt˜
1− RSr˜
(
1 + 1c
dr˜
dt˜
) . (28)
Equation (27) reveals some interesting properties of the initial velocity of particles emitted by a stationary observer
at r˜. Firstly, if the observer emits light rays, dxˆrs/dτs = ±c, one recovers Eq. (19), showing that although the physical
velocity of light is isotropic in the local laboratory of the stationary observer, the coordinate velocity of light in the
Eddington-Finkelstein system is anisotropic. We also note that the coordinate velocity of light rays, which are outgoing
in the stationary observer’s proper reference frame, vanish as r˜ → RS . This analytical treatment thus shows that the
fountain picture of Fig. 1 is misleading. As will be explicitly demonstrated in Sec. II D, the anisotropic property of
7the coordinate velocity of light and its behavior at the Schwarzschild radius has a very intuitive interpretation within
the river model of space. Thus, we shall see that the river model of space has the advantage of providing a simple
pictorial framework that can be invoked in order to explain why the fountain picture must be rejected.
Secondly, the behavior of particles emitted just outside the horizon of a black hole can be examined by considering
particles emitted with the same physical velocity dxˆrs/dτs = ±ac (a ≤ 1) in the positive and negative r˜–direction.
The coordinate velocity of the particle moving outwards is(
dr˜
dt˜
)
+
=
(
1− RSr˜
)
a
1 + RSr˜ a
c , (29)
and for the particle emitted inwards, (
dr˜
dt˜
)
−
= −
(
1− RSr˜
)
a
1− RSr˜ a
c . (30)
These formulae show that the Eddington-Finkelstein coordinate velocities of particles emitted outwards approach zero
as r˜ → RS for all fixed values of a, whereas the coordinate velocities of particles emitted inwards approach zero in
the limit r˜ → RS for a fixed a < 1. In contrast, particles emitted inwards at the speed of light, i.e., a = 1, have
coordinate velocities
(
dr˜/dt˜
)
−
= −c for all values of r˜ > RS . These results hold when we consider fixed values of the
parameter a while varying r˜. In general, however, a will be a function of the coordinate time t˜, as in the case of a
freely falling particle.
Then, to obtain the physical velocity of a freely falling particle as measured in the stationary observers’ reference
frame, we substitute the result of Eq. (16) in Eq. (28), yielding
dxˆrs
dτs
= −
√
RS (r˜0 − r˜)
r˜ (r˜0 −RS) c . (31)
Note that r˜ is both the instantaneous radial position of the freely falling particle as well as the position of the
stationary observer measuring its velocity.
Let us now analyze the expression in (31) for the region r˜ > RS for which the concept of stationary physical
observers is well-defined. The concept of stationary observers in the region r˜ ≤ RS will be addressed in Sec. II C.
Two limiting cases are of particular interest. Firstly, as the freely falling particle approaches the Schwarzschild radius,
i.e., when r˜ → RS , dxˆrs/dτs → −c for any value of r˜0. Thus, we may conclude that the speed of freely falling test
particles in the Schwarzschild spacetime approach the speed of light c as they approach RS when measured with
respect to a local reference frame at rest with the central mass. These results are in concordance with the conclusions
reached by several authors8–13 who discussed the local velocity of a particle falling freely from infinity. However, it
should be emphasized that, although the freely falling particle may be said to approach the speed of light c near the
Schwarzschild radius RS , it never actually reaches the speed of light at RS with respect to any physical observer.
This has been very clearly demonstrated by Crawford and Tereno13. The reason for this is that a physical observer,
who must follow a timelike world line in spacetime, can not stay at rest at r˜ = RS . At r˜ = RS only photons, following
a light like world line, can stay at rest and all massive particles thus reach the speed of light only with respect to
these stationary photons13. Figure 2 illustrates a few examples of radial infall velocities [Eq. (31)] for some particular
choices of the initial position r˜0. It is worth noting here that, for reasons that will become apparent in the next
section, the plots in Fig. 2 of the infall velocities given by Eq. (31) have in fact been extended to the region r˜ ≤ RS
even though physical observers cannot be stationary in this region.
Secondly, in the limit where the freely falling particle starts infinitely far away from the central mass, we find(
dxˆrs
dτs
)
space
= lim
r˜0→∞
dxˆrs
dτs
= −
√
RS
r˜
c = −
√
2GM
r˜
. (32)
Hence, the magnitude of dxˆrs/dτs equals the Newtonian escape velocity in this limit. The velocity given by Eq. (32)
defines the velocity of the river of space.
C. The river of space and imaginary stationary observers in the region r˜ ≤ RS
The analysis presented in Sec. II B showed that the local velocity of a freely falling particle with respect to stationary
observers becomes identical (in magnitude) to the Newtonian escape velocity [Eq. (32)] in the limit r˜0 →∞. Within
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FIG. 2: Plots of the magnitude of the radial infall velocity dxˆrs/dτs of a freely falling particle in the Schwarzschild spacetime as
measured by stationary observers in their proper reference frames. The different curves correspond to different choices of the
initial coordinate position r˜0 of the freely falling particle. Note that, according to Eq. (31), the freely falling particle appears
to reach the speed of light at the Schwarzschild radius RS (independently of its initial position r˜0) and continues to increase
its speed toward infinity as it approaches the singularity at r˜ = 0.
the Newtonian theory of gravity, where gravity is conceived as a force, the Newtonian escape velocity corresponds to
the velocity of a freely falling particle (from infinity) that would be observed by local stationary observers who are at
rest with respect to the central mass all along the freely falling particle’s world line. In particular, these stationary
observers are supposed to correspond to real physical observers even in the region r˜ ≤ RS . Then, according to
Eq. (32), freely falling observers will exceed the speed of light with respect to the stationary observers in the region
r˜ < RS . Within the Newtonian theory this intuitive picture poses no problem whatsoever because, in that theory,
there exists no upper limit for velocities. But how should we interpret Eq. (32) within a relativistic theory of gravity,
where such an upper barrier is represented by the speed of light c? After all, Eq. (32) was derived entirely within the
context of the general theory of relativity. In order to answer this question and to compare the Newtonian picture of
a freely falling particle outside a central mass to the analogous situation in the Schwarzschild spacetime, we shall in
the following discuss the concept of stationary observers inside the black hole horizon.
Then, inside the black hole horizon r˜ < RS , Eq. (31) predicts that the local speed of a freely falling particle
relative to the stationary observers exceeds the speed of light and approaches infinity as r˜ → 0. Note that Eq. (23)
still holds in the region r˜ < RS , and the set of vectors given by Eqs. (20)–(22) therefore provide a well-defined
orthonormal basis also inside the horizon. We may now interpret this peculiar result by observing that, inside the
horizon, stationary observers move along spacelike world lines, i.e., world lines for which ds2 > 0. This can be seen
by putting dr˜ = dφ˜ = dθ˜ = 0 in the line element (3), which yields ds2 = − (1−RS/r˜) c2dt˜2, and hence ds2 > 0 for
a stationary observer in the region r˜ < RS . In other words, inside the black hole horizon stationary observers have
properties similar to hypothetical faster-than-light particles within the context of the special theory of relativity15–17.
Such hypothetical particles are usually termed tachyons16, and we will follow that convention henceforth.
The analogy between the properties of stationary observers inside the black hole horizon and tachyons in special
relativity can be established as follows. In the coordinate basis the line element of a stationary observer is given by
ds2 = −
(
1− RS
r˜
)
c2dt2 . (33)
The general line element in the orthonormal basis, valid on the accelerated observer’s world line7, is given by
ds2 = −c2dτ2s + dxˆrs2 + dxˆθs
2
+ dxˆφs
2
, (34)
and so for a stationary observer ds2 = −c2dτs2. Equating the two expressions for the line element, we find that
dτs =
√
1− RS
r˜
dt˜. (35)
9Thus, the proper time of a stationary observer becomes an imaginary quantity inside the black hole horizon. Consider
next a radial spatial displacement in the orthonormal basis for which dτs = dxˆ
θ
s = dxˆ
φ
s = 0. Equation (34) then yields
ds2 = dxˆrs
2. The same spatial displacement is given in the Schwarzschild coordinates by the conditions dθ = dφ = 0
and dt = dt˜ − RS/(r˜(1 − RS/r˜)) dr˜ = 0, so that dt˜ = RS/(r˜(1 − RS/r˜)) dr˜. Substituting this relation for dt˜ in
the line element (3) and using that dθ˜ = dφ˜ = 0, we calculate the line element for a purely radial displacement in
Eddington-Finkelstein coordinates, yielding ds2 = 1/(1 − RS/r˜) dr˜2. As a result we obtain the proper radial length
measured by a stationary observer as
dxˆr =
1√
1− RSr˜
dr˜. (36)
Hence, inside the horizon r˜ < RS proper lengths measured by stationary observers are imaginary. Within the present
context it is also of interest to calculate the energy E = −m0us ·uff of a stationary observer with respect to a freely
falling observer. Utilizing Eqs. (20) and (24), and that eµ˜ · eν˜ = gµ˜ν˜ , the energy is easily calculated to be
E = moc
2
√√√√1− RSr˜0
1− RSr˜
. (37)
Here m0 denotes the rest mass of the stationary observer. For the energy to be a real number inside the horizon
r˜ < RS (assuming r˜0 > RS), the observer’s rest mass m0 must be imaginary. Hence, stationary observers at rest in
the region r˜ < RS have been shown to exhibit several of the properties, as summarized by Eqs. (35), (36) and (37),
that are usually associated with tachyons within the context of special relativity15,16.
An important remark concerning the concept of stationary observers inside the black hole horizon is appropriate
here. Even though the stationary observers inside the Schwarzschild horizon share many of the kinematical properties
with tachyons, we do not consider such observers to be physically real, but rather as a mathematical construct. For
instance, the squared magnitude of the four-acceleration a of such observers may be shown5 to be
a · a = c
4R2S
4r˜4
(
1− RSr˜
) , (38)
and therefore a diverges at the horizon and becomes a timelike vector in the region r˜ < RS . This does not mean,
however, that this concept is not useful. On the contrary, as we will show below, this concept provides a means to give
an intuitive and rather direct comparison of black holes with the familiar Newtonian picture of free particles outside
a central mass. For these reasons, we shall henceforth refer to stationary observers inside the horizon as ”imaginary
stationary observers”.
The analysis presented above enables us to establish a picture of space in the Schwarzschild geometry as a river of
test particles freely falling relative to stationary observers who are at rest with respect to the spatial Schwarzschild
coordinates. The stationary observers have a timelike, lightlike and spacelike character outside, at and inside the
black hole horizon, respectively. The freely falling particles in turn represent inertial frames that define space locally.
Thus, the river of space, composed of the global collection of local inertial frames and which represents the global
space of the Schwarzschild spacetime, flows into the black hole according to Eq. (31). As Fig. 2 shows, the river of
space flows radially inward at speeds smaller than the speed of light outside the horizon. Reaching the speed of light
at the horizon, the river of space continues to fall at speeds exceeding the speed of light with respect to the imaginary
stationary observers inside the horizon and approaches infinite speed near the singularity at r˜ = 0.
With this picture in mind we are now in a position to compare the Newtonian case of freely falling particles outside
a central point mass with the analogous situation in Schwarzschild spacetime. In the Newtonian case, particles in free
fall will simply continue to accelerate toward the central mass with respect to the stationary observers all along its
world line, approaching infinite speed relative to the stationary observers near the central mass. In the Newtonian
theory both the freely falling particles and the stationary observers are assumed to be real physical entities. As already
mentioned, this poses no problem in the Newtonian case since there exists no upper limit for increasing the relative
velocity between physical observers in this theory. In the Schwarzschild spacetime, however, the picture becomes
radically different due to the upper limit for relative velocities (i.e., the speed of light c) between physical observers.
Because freely falling observers in the Schwarzschild spacetime reach the speed of light relative to the imaginary
stationary observers at r˜ = RS , and further exceed the speed of light relative to the imaginary stationary observers
for r˜ < RS , all real physical observers must fall inward toward the central mass in the region r˜ ≤ RS in order not to
violate the upper limit for relative velocities. In other words, a physical observer with nonzero rest mass cannot stay
at rest at and inside the black hole horizon, but must continue his path in the direction of decreasing r˜ and eventually
hit the singularity at r˜ = 0.
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D. Coordinate velocity of a particle emitted by a freely falling observer
In Sec. II B we utilized the stationary observers’ local reference frames to calculate the physical velocity field of the
river of space. But, for the purpose of examining the effect of the river of space upon the motion of light and particles,
these local coordinate systems are not appropriate because they do not properly capture the global properties of the
Schwarzschild spacetime such as the event horizon. Therefore, to further substantiate our interpretation of the effect
of the river of space upon particles given at the end of Sec. II C, we now calculate the coordinate velocity of a particle
emitted from a freely falling observer in Eddington-Finkelstein coordinates.
To connect the three-velocity ve of the emitted particle as measured in the freely falling observer’s laboratory to
the Eddington-Finkelstein coordinate velocity, we must first construct a set of orthonormal basis vectors associated
with an observer freely falling along the radial direction. The time like unit basis vector effτˆ is simply given by the
freely falling observers’ four-velocity uff . Hence,
e
ff
τˆ = uff , (39)
where uff is given by Eq. (24). Once again we may choose two of the three spacelike unit basis vectors to be aligned
with the θ˜– and φ˜–directions at the position r˜ = r˜0, where the freely falling observer initially is at rest. Because of
the spherical symmetry in this case, these unit basis vectors will continue to be aligned with the θ˜– and φ˜–directions
all along the observers’ world line. Thus,
e
ff
θˆ
=
1
r˜
eθ˜ , e
ff
φˆ
=
1
r˜ sin θ˜
eφ˜ . (40)
Finally, the spacelike unit basis vector associated with the freely falling observer and pointing in the r–direction of
the Schwarzschild coordinates may be calculated by writing effrˆ = a
t˜
ff et˜+ a
r˜
ff er˜ and then solving the two equations
e
ff
rˆ · effτˆ = 0 and effrˆ · effrˆ = 1 for the components at˜ff and ar˜ff . The result is
at˜ff =
RS
r˜
√
1− RSr˜0 −
√
RS
(
1
r˜ − 1r˜0
)
(
1− RSr˜
)
c
, (41)
and
ar˜ff =
√
1− RS
r˜0
. (42)
Simple calculations will verify that the set of mutually orthogonal unit basis vectors {effτˆ , effrˆ , effθˆ , e
ff
φˆ
} satisfy the
requirements for an orthonormal basis, that is,
e
ff
µˆ · effνˆ = ηµˆνˆ , (43)
all along the freely falling observer’s world line. Note also that in the limit r˜ → r˜0, these unit basis vectors become
identical to the unit basis vectors in Eqs. (20)–(22) associated with the stationary observer at rest at r˜ = r˜0. This
identification is a consequence of the freely falling observer having zero velocity relative to the stationary observer at
the initial position.
Now, let (τff , xˆ
r
ff , xˆ
θ
ff , xˆ
φ
ff ) denote the coordinates in the proper reference frame of the freely falling observer such
that the coordinate axes of the rectangular grid (xˆrff , xˆ
θ
ff , xˆ
φ
ff ) are aligned with the directions of the orthonormal
basis vectors {effrˆ , effθˆ , e
ff
φˆ
}. Assume that the freely falling observer, at some arbitrary radial position r˜ of his world
line, emits a particle (with nonzero rest mass) having initial velocity ve along the xˆ
r
ff–direction. The initial velocity
of the particle as observed in the local laboratory of the freely falling observer may then be written
ve =
dxˆrff
dτff
e
ff
rˆ = ve e
ff
rˆ = ve
(
at˜ff et˜ + a
r˜
ff er˜
)
. (44)
Here ve > 0 for a particle moving in the positive direction along the coordinate axis xˆ
r
ff and ve < 0 for a particle
moving in the negative direction along the same axis, and at˜ff and a
r˜
ff are given in Eqs. (41) and (42). To calculate
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the coordinate velocity of the particle in Eddington-Finkelstein coordinates, we once again examine the four-velocity.
The four-velocity ue of the emitted particle can be expressed as
ue =
dxµˆff
dτe
e
ff
µˆ =
(
e
ff
τˆ +
dxˆrff
dτff
e
ff
rˆ
)
dτff
dτe
=
(
e
ff
τˆ + ve e
ff
rˆ
) dτff
dτe
, (45)
where τe denotes the proper time of the emitted particle. Using Eqs. (39), and (44) the four-velocity can be rewritten
as
ue =
[(
˙˜t+ vea
t˜
ff
)
et˜ +
(
vea
r˜
ff + ˙˜r
)
er˜
] dτff
dτe
. (46)
In the Eddington-Finkelstein coordinates the four-velocity can be expressed as
ue =
dxµ˜
dτe
eµ˜ =
(
et˜ +
dr˜
dt˜
er˜
)
dt˜
dτe
. (47)
Equating the two expressions in Eqs. (46) and (47), we obtain the two equations
(
˙˜t+ vea
t˜
ff
) dτff
dτe
=
dt˜
dτe
,
(
vea
r˜
ff + ˙˜r
) dτff
dτe
=
dr˜
dt˜
dt˜
dτe
, (48)
to be solved for the coordinate velocity dr˜/dt˜. A short calculation yields the solution
(
dr˜
dt˜
)
e
=
(
1− RSr˜
)(
ve
√
1− RSr˜0 −
√
RS
(
1
r˜ − 1r˜0
)
c
)
√
1− RSr˜0
(
1 + vec
RS
r˜
)−√RS ( 1r˜ − 1r˜0
) (
RS
r˜ +
ve
c
) . (49)
We emphasize here that the solution in Eq. (49) corresponds to the initial value of the emitted particles’ coordinate
velocity at the point r˜ of emission.
We are particularly interested in the limit r˜0 → ∞ corresponding to the situation for which the emitter moves
together with the river of space. Evaluating this limit, we finally arrive at
(
dr˜
dt˜
)
e
=
(
1− RSr˜
)
1 + vec
RS
r˜ −
√
RS
r˜
(
RS
r˜ +
ve
c
)
(
ve −
√
RS
r˜
c
)
. (50)
Note that ve now represents the velocity of the emitted particle relative to the inflowing river of space. Equation (50)
exhibits several interesting properties showing the effect of the river of space upon the motion of particles. In particular
we note the appearance of the last term ve−
√
RS/r˜ c which, in Galilean terms, represents the velocity of the emitted
particle as measured relative to the stationary observers along the particle’s world line (recall here the result of
Eq. (32)).
Consider now the case where the freely falling observer emits photons, i.e., ve = ±c. Then, we again recover the
results obtained earlier in Eq. (19). Hence, even if the physical velocity of light is isotropic in the freely falling observer’s
reference frame, the coordinate velocity of light in the Eddington-Finkelstein coordinates is anisotropic. Moreover,
the coordinate velocity of light emitted outwards vanishes at r˜ = RS . This demonstrates that the fountain picture of
Fig. 1 is misleading. The river of space, having an inward–directed physical velocity dxˆrs/dτs = −
√
RS/r˜ c = −c at
r˜ = RS , prohibits any outward motion of light at r˜ = RS .
Next, we proceed to analyze the effect of the river of space upon the motion of material particles. Firstly, if the
material particle is emitted inwards, i.e., ve < 0, then it is clear that
(
dr˜/dt˜
)
e
< 0 for all r˜. However, if the particle
is emitted outwards, i.e. ve > 0, inspection of Eq. (50) reveals that the first term is always positive and that the sign
of the coordinate velocity therefore is determined by the last term ve −
√
RS/r˜ c. Accordingly, if the velocity of the
particle emitted outwards is too small compared to the river velocity, that is ve <
√
RS/r˜ c, the particle is drawn
inwards by the river of space. In particular, since the river of space has velocity
√
RS/r˜ c ≥ c in the region r˜ ≤ RS
and all material particles moving outwards must have ve < c, the coordinate velocity
(
dr˜/dt˜
)
e
< 0 both at and inside
the black hole horizon. Note that this result applies to all material particles with arbitrary motion because a particle
having a velocity v < c with respect to a certain observer will, by application of the transformation law for velocities
from special relativity, have a velocity less than the speed of light also with respect to the river of space.
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FIG. 3: Plots of the initial coordinate velocity
(
dr˜/dt˜
)
e
(Eq. (50)) as a function of the radial coordinate r˜ for two particles
emitted along the positive and negative radial directions in the local laboratory of a freely falling observer in the Schwarzschild
spacetime. Particles emitted radially outward with speeds approaching the speed of light (solid line) have positive coordinate
velocities outside the event horizon and can therefore escape the black hole in this region. At the horizon (black dot) the
coordinate velocity of these particles vanishes. Hence photons emitted radially outward remain stationary at the horizon.
However, inside the horizon the coordinate velocity becomes negative. Thus all particles are pulled towards the singularity by
the river of space inside the horizon. Particles emitted outwards at speeds smaller than the speed of light (dashed line) are
pulled towards the singularity by the river of space also at radii which are larger than the Schwarzschild radius RS . Particles
emitted radially inwards (dash-dotted and dotted lines) have negative coordinate velocities everywhere and eventually ends up
in the singularity at r˜ = 0.
Figure 3 shows the coordinate velocity
(
dr˜/dt˜
)
e
as a function of r˜ for four particular choices of the physical velocity
ve for particles emitted in both directions in the freely falling observer’s reference frame. We can now provide an
intuitive interpretation of these peculiar results in light of the river model of space expounded in Sec. II C: The freely
falling observer who sends out the two particles is, by definition, comoving with the river of space. The river of space
flows inwards toward the singularity at ever increasing speeds with respect to the stationary observers for decreasing
values of the coordinate r˜, and flows faster than the speed of light inside the black hole horizon. Hence, even if a
particle is emitted with a certain velocity along the positive radial direction with respect to the infalling observer’s
laboratory, the river of space will eventually drag the particle along with it towards smaller r˜ as one approaches
the black hole horizon. At and inside the horizon all particles with nonzero rest mass will be pulled towards the
singularity by the river of space no matter how large the particles’ outward directed initial velocities ve (< c) are.
Because the river of space flows faster than the speed of light inside the horizon, even light emitted outwards by an
observer inside the horizon will be dragged towards the central singularity by the river. Light emitted outwards by an
infalling observer at the Schwarzschild horizon, where space flows inwards at the speed of light, will hover indefinitely
at the constant radius r˜ = RS .
Thus the river model of space yields an intuitive illustration of why the ’fountain picture’ of light ray paths is
misleading. Radial light rays do not become increasingly deflected from their usual straight paths and then bent
back towards the center r˜ = 0, as claimed in the fountain picture of black holes. On the contrary, light rays emitted
in the radial direction continue to move along radial paths. However, light rays emitted radially outwards at the
horizon r˜ = RS remain there forever, whereas light rays emitted radially outwards by an observer inside the horizon
immediately fall along the radial direction into the singularity at r˜ = 0.
The picture of space as a river falling into the black hole, as outlined above, is qualitatively in concordance with
the picture established in ”The river model of black holes” that was recently introduced by Hamilton and Lisle4.
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III. THE RIVER OF SPACE IN THE DE SITTER SPACETIME
In this section we consider the motion of a particle moving freely in the de Sitter spacetime as it appears with
respect to observers who are at rest with respect to an arbitrarily chosen central observer. Thus we shall see that
space behaves as an inertial river flowing outwards with a recession velocity corresponding to Hubble’s law. Then we
consider the effect of the river of space upon material particles and light rays and show that outside the cosmological
event horizon, where the river of space flows radially outwards at speeds larger than the speed of light, all physical
particles will be dragged towards infinity by the river of space.
A. Coordinate velocity of a particle in radial free motion
The de Sitter spacetime is the solution to Einstein’s field equations for a homogeneous and isotropic space with a
positive cosmological constant2. In so-called comoving coordinates (τ, χ, θ, φ) the de Sitter spacetime with vanishing
spatial curvature is described by the line element
ds2 = −c2dτ2 + e2Hτ [dχ2 + χ2dΩ2] . (51)
Here H denotes the Hubble constant and dΩ2 = dθ2 + sin2 θ dφ2 is the solid angle element. In these coordinates, the
set of constant coordinate positions, χ = const., defines a set of freely moving reference particles such that the physical
distances between the reference particles increase with time. The physical motion of these reference particles defines
the so-called Hubble-flow of an expanding universe. Our aim, however, is to obtain a description of the river of space as
it will be perceived by local observers who remain at rest with respect to the central observer along the freely moving
particle’s world line. This will enable us to establish a picture of the river of space in the de Sitter spacetime which
strongly resembles the river model of space that was developed in Sec.II for the Schwarzschild spacetime. For this
purpose we shall introduce so-called static coordinates (t, r, θ, φ) which are more naturally adapted for the description
of stationary observers in the de Sitter spacetime. The static coordinates are related to the comoving coordinates by
the coordinate transformations
τ = t+
RH
2c
ln
(
1−
(
r
RH
)2)
, χ = re
− cτ
RH =
re
− ct
RH√
1−
(
r
RH
)2 , (52)
where RH = c/H denotes the Hubble distance. By substituting these expressions for τ and χ in the line element in
Eq. (51), we obtain the form of the line element in static coordinates as
ds2 = −
(
1−
(
r
RH
)2)
c2dt2 +
1
1−
(
r
RH
)2 dr2 + r2dΩ2 . (53)
This line element shows that the metric components in the coordinate basis of static coordinates are independent of
the time coordinate t. The de Sitter solution therefore represents a static spacetime.
It is clear from Eq. (53) that the de Sitter metric expressed in static coordinates is singular at r = RH which, as
we shall demonstrate below, represents a cosmological event horizon. This is a coordinate singularity related to the
failure of the static coordinates of properly covering the region r ≥ RH and may be removed by introducing new
coordinates. In order to motivate our choice of new coordinates we next consider radial null geodesics in the static
coordinates. Setting ds2 = dθ = dφ = 0, we obtain the equation
dt
dr
= ± 1(
1−
(
r
RH
)2)
c
. (54)
Our objective is now to construct coordinates which enable us to describe the motion of the river of space as it crosses
from the region r < RH to the region r ≥ RH . Hence we are interested in future–directed null paths that can pass
from the region inside the horizon to the region outside. For that purpose we must choose the positive sign in Eq. (54)
which corresponds to outward moving light rays. Integration of Eq. (54) then yields
t+
RH
2c
ln
(
r
RH
− 1
r
RH
+ 1
)
= const. (55)
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If we now define a new time coordinate t˜ related to the old coordinates by
t˜ = t+
RH
2c
ln
(
r
RH
− 1
r
RH
+ 1
)
+
r
c
, (56)
and combine this definition with Eq. (55), it can be seen that outgoing light rays obey the condition dr/dt˜ = +c. In
other words, by using this time coordinate, outgoing light rays move along 45◦ straight lines in a spacetime diagram
and thus resembles the motion of light rays in the flat Minkowski spacetime of special relativity. The three spatial
coordinates are unaffected by the transformation to the new coordinates. For the sake of notational consistency,
however, we shall define the new spatial coordinates by the relation r˜ = r, θ˜ = θ, φ˜ = φ. Then, rewriting the line
element in (53) in terms of the new coordinates, the line element takes the form
ds2 = −
(
1−
(
r˜
RH
)2)
c2dt˜2 − 2
(
r˜
RH
)2
c dt˜dr˜ +
(
1 +
(
r˜
RH
)2)
dr˜2 + r˜2dΩ˜2 . (57)
This metric does not exhibit a singularity at r˜ = RH and is thus suitable for describing the motion of particles in the
entire region r˜ ≥ 0.
We now consider a reference particle moving freely along the radial direction, i.e., dθ˜ = dφ˜ = 0. Assume that the
particle starts from rest at the position r˜ = r˜0. The Lagrangian of the free particle is
L =
1
2
gµν x˙
µx˙ν = −1
2
(
1−
(
r˜
RH
)2)
c2 ˙˜t2 −
(
r˜
RH
)2
c ˙˜t ˙˜r +
1
2
(
1 +
r˜
RH
)
˙˜r2 , (58)
where the dots denote the derivatives with respect to the proper time τF of the free particle. It is now straightforward
to calculate the coordinate velocity by following exactly the same procedure that was used in Sec. II A. The Lagrangian
is independent of t˜, and hence the momentum conjugate to the time–coordinate,
pt˜ =
∂L
∂ ˙˜t
= −
(
1−
(
r˜
RH
)2)
c2 ˙˜t−
(
r˜
RH
)2
c ˙˜r , (59)
is constant during the motion. The four-velocity identity gµν x˙
µx˙ν = −c2 yields
pt˜
˙˜t−
(
r˜
RH
)2
c ˙˜t ˙˜r +
(
1 +
(
r˜
RH
)2)
˙˜r2 = −c2 . (60)
Using that ˙˜r |r˜=r˜0 = 0 in Eqs. (59) and (60), we find
pt˜ = −
√
1−
(
r˜0
RH
)2
c2 . (61)
Eqs. (59) and (60) implies that
−
(
pt˜ −
(
r˜
RH
)2
c ˙˜r
)
pt˜ +
(
r˜
RH
)2
c ˙˜r(
1−
(
r˜
RH
)2)
c2
+
(
1 +
(
r˜
RH
)2)
˙˜r2 = −c2 , (62)
with the corresponding solutions
˙˜r =
√
r˜2 − r˜20 c
RH
(63)
and
˙˜t =
√
1−
(
r˜0
RH
)2
− r˜2
R3
H
√
r˜2 − r˜20
1−
(
r˜
RH
)2 . (64)
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By combining Eqs. (63) and (64), the coordinate velocity of the free particle is found to be
dr˜
dt˜
=
√
r˜2−r˜2
0
RH
(
1−
(
r˜
RH
)2)
√
1−
(
r˜0
RH
)2
− r˜2
R3
H
√
r˜2 − r˜20
c . (65)
We define the river of space by those freely moving particles that start from rest at the origin. The coordinate velocity
of the river of space is hence given by
(
dr˜
dt˜
)
space
= lim
r˜0→0
dr˜
dt˜
=
(
1−
(
r˜
RH
)2)
r˜
RH
1−
(
r˜
RH
)3 c . (66)
Applying L’Hopital’s rule to this expression, we find that the coordinate velocity at the cosmological horizon is(
dr˜/dt˜
)
space = (2/3) c.
The coordinate velocity of light rays may now be found by setting ds2 = 0 in (57), which yields the equation(
1 +
(
r˜
RH
)2)(
dr˜
dt˜
)2
− 2
(
r˜
RH
)2
c
dr˜
dt˜
−
(
1−
(
r˜
RH
)2)
c2 = 0 , (67)
with solutions
(
dr˜
dt˜
)
l+
= c ,
(
dr˜
dt˜
)
l−
= −
1−
(
r˜
RH
)2
1 +
(
r˜
RH
)2 c (68)
for the outgoing and ingoing light rays, respectively. The coordinate velocities of light at the cosmological horizon are
then
(
dr˜/dt˜
)
l+
|r˜=RH = c and
(
dr˜/dt˜
)
l−
|r˜=RH = 0.
B. The physical velocity field of the river of space
In order to calculate the physical velocity field of the river of space in the de Sitter spacetime, we shall first introduce
a set of orthonormal basis vectors which define the local laboratories of stationary observers. Since for a stationary
observer, dr˜ = dφ˜ = dθ˜ = 0, we obtain from the line element in (57) that dt˜/dτs = 1/
√
1− (r˜/RH)2, where τs denotes
the proper time of the stationary observer. The stationary observer’s timelike unit basis vector is thus defined as
e
s
τˆ =
dxµ˜
dτs
eµ˜ =
1√
1− (r˜/RH)2
et˜ . (69)
The spacelike unit basis vectors pointing in the θ˜– and φ˜–directions are
e
s
θˆ
=
1
r˜
eθ˜ , e
s
φˆ
=
1
r˜ sin θ˜
eφ˜ . (70)
Finally, the spacelike unit basis vector pointing in the increasing r–direction, where r is the radial coordinate of the
static coordinates, is esrˆ =
√
1− (r/RH)2 er. Using the transformation rule er = (∂x˜ν/∂r) eν˜ , where (∂x˜ν/∂r) is
given by Eq. (56), we find
e
s
rˆ = −
(
r˜
RH
)2
√
1−
(
r˜
RH
)2
c
et˜ +
√
1−
(
r˜
RH
)2
er˜ . (71)
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The radial velocity field of a free particle which follows the Hubble flow can now be calculated by following the
same line of reasoning as in Sec. II B. In the coordinates
(
t˜, r˜, θ˜, φ˜
)
the four-velocity is given by
uF =
dxµ˜
dτF
eµ˜ =
(
et˜ +
dr˜
dt˜
er˜
)
˙˜t . (72)
In the coordinates corresponding to the stationary observer’s proper reference frame, (τs, xˆ
r
s, xˆ
θ
s, xˆ
φ
s ), the same four-
velocity may be written as
uF =
dxµˆs
dτF
e
s
µˆ =
(
e
s
τˆ +
dxˆrs
dτs
e
s
rˆ
)
dτs
dτF
. (73)
Substituting for esτˆ and e
s
rˆ from equations (69) and (71) and equating the expressions in (72) and (73), we obtain the
following set of equations:
˙˜t =
1√
1−
(
r˜
RH
)2
(
1−
(
r˜
RH
)2
1
c
dxˆrs
dτs
)
dτs
dτF
,
dr˜
dt˜
˙˜t =
√
1−
(
r˜
RH
)2
dxˆrs
dτs
dτs
dτF
. (74)
Elimination of the term dτs/dτF from these equations yields
dr˜
dt˜
=
(
1−
(
r˜
RH
)2)
dxˆr
s
dτs
1−
(
r˜
RH
)2
1
c
dxˆr
s
dτs
, (75)
or
dxˆrs
dτs
=
dr˜
dt˜
1−
(
r˜
RH
)2 (
1− 1c dr˜dt˜
) . (76)
From Eq. (75) it can be seen that if the stationary observer observes light rays, i.e., dxˆrs/dτs = ±c, one recovers
the result obtained earlier in Eq. (68). Hence, as in the case of light rays described in the Eddington-Finkelstein
coordinates in Schwarzschild spacetime in Sec. II B, we see that even though the physical velocity of light is isotropic,
the coordinate velocity of light in the extended coordinates
(
t˜, r˜, θ˜, φ˜
)
is anisotropic. However, in striking contrast
to what was obtained in the case of the Schwarzschild spacetime, it is now seen that it is the coordinate velocity of
light rays that are ingoing in the stationary observer’s proper reference frame which vanish in the limit r˜ → RH . As
will be discussed further in Sec. III C, this behavior of light rays in the de Sitter spacetime may be attributed to the
effect of the river of space, i.e., the Hubble flow, having an outward–directed velocity dxˆrs/dτs = c at r˜ = RH which
therefore prohibits any inward motion of light in the region r˜ ≥ RH .
Lastly, we obtain the physical velocity field of a freely moving particle as observed by stationary observers along
the particle’s world line by substituting for dr˜/dt˜ in Eq. (76) the solution given in Eq. (65), leading to the result
dxˆrs
dτs
=
√
r˜2 − r˜20
RH
√
1−
(
r˜0
RH
)2 c . (77)
A plot of this velocity field for three different values of r˜0 is shown in Fig. 4. As can be seen from the figure, the speed
of a freely moving particle in the de Sitter spacetime approaches the speed of light c as r˜ → RH for all values of the
initial position r˜0. Outside the cosmological horizon, r˜ > RH , Eq. (65) predicts that free particles move faster than
the speed of light with respect to stationary observers. At and outside the cosmologial horizon, however, real physical
observers cannot be stationary because they must follow timelike world lines in spacetime. Yet, in analogy with the
interpretation of stationary observers at and inside the black hole horizon in Sec. II C, we may interpret stationary
observers at and outside the cosmological horizon as imaginary tachyon–like observers. The physical velocity of the
river of space in the de Sitter spacetime is(
dxˆrs
dτs
)
space
= lim
r˜0→0
dxˆrs
dτs
=
r˜
RH
c . (78)
Thus we conclude that the river of space flows radially outward at speeds smaller than the speed of light inside the
cosmological horizon. At the horizon r˜ = RH the river of space reaches the speed of light and outside the horizon
r˜ > RH the river of space exceeds the speed of light with respect to the imaginary stationary observers.
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FIG. 4: Plots of the radial velocity dxˆrs/dτs of a freely moving particle in the de Sitter spacetime as measured by stationary
observers in their proper reference frames. The different curves correspond to different choices of the initial position r˜0 at which
the particle is released. Independently of its initial position r˜0 the particle reaches the speed of light relative to (imaginary)
stationary observers at the cosmological horizon r˜ = RH and continues to increase its speed toward infinity beyond the horizon.
C. Coordinate velocity of a particle emitted from a freely moving observer
In order to calculate the coordinate velocity of a particle emitted by a freely moving observer following the Hubble
flow, we first need to construct a set of orthonormal basis vectors representing the observer’s local laboratory. The
timelike unit basis vector is
e
F
τˆ = uF , (79)
where uF is the four-velocity of the freely moving observer given in Eq. (72). The spacelike unit basis vector pointing
in the radial direction of the static coordinates can be written eFrˆ = a
t˜
F et˜ + a
r˜
F er˜. By solving the two equations
e
F
rˆ · eFτˆ = 0 and eFrˆ · eFrˆ = 1 for the components at˜F and ar˜F , we obtain the results
at˜F =
√
r˜2−r˜2
0
RH
−
(
r˜
RH
)2√
1−
(
r˜0
RH
)2
(
1−
(
r˜
RH
)2)
c
, (80)
and
ar˜F =
√
1−
(
r˜0
RH
)2
. (81)
The remaining two spacelike unit vectors are chosen as
e
F
θˆ
=
1
r˜
eθ˜ , e
F
φˆ
=
1
r˜ sin θ˜
eφ˜ . (82)
Next, we let the freely moving observer emit a particle with initial velocity ve along the radial direction at some
arbitrary position r˜ of his world line. If we denote the coordinates in the proper reference frame of the freely moving
observer by (τF , xˆ
r
F , xˆ
θ
F , xˆ
φ
F ), then the initial velocity of the emitted particle can be defined as
ve =
dxˆrF
dτF
e
F
rˆ = ve e
F
rˆ = ve
(
at˜F et˜ + a
r˜
F er˜
)
, (83)
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where ve > 0 for a particle moving in the positive radial direction and ve < 0 for a particle moving in the negative
direction, and at˜F and a
r˜
F are given by Eqs. (80) and (81). In the coordinates of the proper reference frame the
four-velocity ue of the emitted particle then becomes
ue =
dxµˆF
dτe
e
F
µˆ =
(
e
F
τˆ + ve e
F
rˆ
) dτF
dτe
, (84)
where τe denotes the proper time of the emitted particle. Using Eqs. (79) and (83), we therefore obtain
ue =
[(
˙˜t+ vea
t˜
F
)
et˜ +
(
˙˜r + vea
r˜
F
)
er˜
] dτF
dτe
. (85)
In terms of the global coordinates
(
t˜, r˜, θ˜, φ˜
)
the same four-velocity is
ue =
dxµ˜
dτe
eµ˜ =
(
et˜ +
dr˜
dt˜
er˜
)
dt˜
dτe
. (86)
By equating the expressions in Eq. (85) and Eq. (86), we obtain the two equations to be solved for the coordinate
velocity dr˜/dt˜:
dt˜
dτe
=
(
˙˜t+ vea
t˜
F
) dτF
dτe
,
dr˜
dt˜
dt˜
dτe
=
(
˙˜r + vea
r˜
F
) dτF
dτe
. (87)
Next, we eliminate the term dτF /dτe from these equations and substitute for
˙˜t and ˙˜r the solutions in (63) and (64)
for a free particle, leading to the solution
(
dr˜
dt˜
)
e
=
(
1−
(
r˜
RH
)2)(
ve
√
1−
(
r˜0
RH
)2
+
√
r˜2−r˜2
0
RH
c
)
√
1−
(
r˜0
RH
)2(
1− vec
(
r˜
RH
)2)
+
√
r˜2−r˜2
0
RH
(
ve
c −
(
r˜
RH
)2) . (88)
We are particularly interested in the case when the freely moving observer is comoving with the river of space, that
is, when the observer starts from rest at the origin. Accordingly, we evaluate the limit r˜0 → 0 to obtain
(
dr˜
dt˜
)
e
=
1−
(
r˜
RH
)2
1− vec
(
r˜
RH
)2
+ r˜RH
(
ve
c −
(
r˜
RH
)2)
(
ve +
r˜
RH
c
)
. (89)
In this expression ve is the velocity of the emitted particle relative to the outward flowing river of space.
First we consider the case where the freely moving observer emits light such that ve = ±c. Then Eq. (89) reduces
to the results given by Eq. (68). Accordingly, the isotropic physical velocity of light transforms to become anisotropic
in the extended coordinates. Light rays which the freely falling observer emits inwards in his proper reference frame
have vanishing coordinate velocity in the extended coordinates at the cosmological horizon r˜ = RH . In addition,
outside the horizon, r˜ > RH , the coordinate velocity of light is always positive. This means that light rays emitted
outside the cosmological horizon must always travel outwards toward infinity and can never enter the interior of the
horizon. The river of space, having an outward-directed motion exceeding the speed of light outside the horizon,
carries everything with it toward infinity.
The effect of the river of space upon material particles can also be made clear by direct inspection of Eq. (89).
Simple analysis reveals that the first term in the expression is always positive. The sign of the coordinate velocity is
therefore determined by the last term ve+(r˜/RH) c. Hence, if the material particle is emitted outwards, corresponding
to ve > 0, then
(
dr˜/dt˜
)
e
> 0 for all values of r˜. In contrast, when the particle is emitted inwards with ve < 0, the
sign of the coordinate velocity is determined by the magnitude of ve as compared to the magnitude of the velocity
of the river of space. If |ve| > (r˜/RH) c,
(
dr˜/dt˜
)
e
< 0 and the particle moves inwards toward smaller r˜. But if
|ve| < (r˜/RH) c,
(
dr˜/dt˜
)
e
> 0 and the particle is drawn outwards by the river of space because its velocity compared
to the river velocity is too small. We emphasize that this is always true in the region r˜ ≥ RH because then the river
of space has velocity (r˜/RH) c ≥ c whereas all physical material particles emitted inwards must obey |ve| < c.
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FIG. 5: Plots of the initial coordinate velocity
(
dr˜/dt˜
)
e
(Eq. (89)) as a function of the radial coordinate r˜ for two particles
emitted in the positive and negative radial directions in the local laboratory of a freely moving observer in the de Sitter
spacetime. Particles emitted radially inwards with speeds approaching the speed of light (solid line) have negative coordinate
velocities inside the event horizon and can therefore escape the Hubble flow in this region and reach the observer at the
origin. At the horizon (black dot) the coordinate velocitites of these particles vanish. Hence photons emitted radially inwards
remain stationary at the horizon. However, outside the horizon the coordinate velocity becomes positive. Hence all particles
are dragged toward infinity by the river of space outside the horizon. Particles emitted inwards at speeds smaller than the
speed of light (dash-dotted line) are pulled towards infinity by the river of space at radii which are smaller than the radius of
the cosmological horizon at r˜ = RH . Particles emitted radially outwards (dashed and dotted lines) have positive coordinate
velocities everywhere and eventually end up at infinity.
Figure 5 illustrates a few examples of the coordinate velocity
(
dr˜/dt˜
)
e
as a function of r˜ for different values of the
physical velocity ve. As can be seen, particles emitted in the positive radial direction with respect to the freely moving
observer’s laboratory have positive coordinate velocities in the entire region r˜ ≥ 0 and therefore move towards larger
radii with increasing time. In contrast, for small enough values of r˜, particles emitted in the negative radial direction
with respect to the freely moving observer’s laboratory have negative coordinate velocities and thus move towards
smaller r˜. However, as one approaches the cosmological horizon r˜ = RH from below, it is seen that the coordinate
velocity of particles emitted inwards in the local laboratory eventually changes sign and becomes positive. This change
of sign in the coordinate velocity arises from the effects of the river of space: The river of space flows outwards at ever
increasing speeds as r˜ increases. The river of space reaches the speed of light with respect to (imaginary) stationary
observers at the cosmological horizon, and continues to exceed the speed of light beyond the horizon. At and outside
the horizon all particles with nonzero rest mass are therefore pulled towards infinity by the river of space regardless
of how large the particles’ inward directed velocities ve are (assuming, of course, that |ve| < c). In the particular case
of ‘ingoing’ massless photons, however, the coordinate velocity is seen to vanish at r˜ = RH . Thus ‘ingoing’ light rays
will remain at rest indefinitely at the horizon, but outside the horizon even light will be carried toward infinity by the
river of space.
The velocity of the river of space given by Eq. (78) also defines the Hubble flow of the de Sitter universe. To
see the connection, use the transformation in (52) to obtain the velocity expressed in comoving coordinates as
(dxˆrs/dτs)space = He
Hτχ (recall here that RH = c/H). Recognizing e
Hτ as the scale factor a (τ) and a (τ)χ as
the instantaneous physical distance l (τ), we see that (dxˆrs/dτs)space = Hl (τ). Accordingly, the river of space flows
radially outward with a recession velocity corresponding to Hubble’s law.
The question of how one should interpret the expansion of the universe has recently been discussed in several papers
(see e.g. Ref.18 and references therein). We can now address this issue within the context of the river model of space
in the de Sitter spacetime. The freely moving reference particles that constitute the river of space also represent the
fundamental particles that define the three-space in the de Sitter universe, i.e., the coordinates (χ, θ, φ) that enter
into the spatial part of the line element (51) are comoving with these reference particles. Then, since the river flows
radially outward relative to the rigid frame of reference defined by the family of observers who remain at rest with
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respect to the observer at the origin, it is clear that the comoving galaxies will be observed by the central observer to
be moving apart in this universe. Because the origin of the static coordinates is arbitrarily chosen, every other such
comoving central observer will observe exactly the same recession of galaxies relative to the rigid reference frames
associated with themselves. However, as is evident from Eq. (66), galaxies which are comoving with the river of space
continue their motion towards larger radii even beyond the cosmological horizon at r˜ = RH . But, as was clarified in
Sec. III C, the rigid reference frame associated with a comoving observer physically ceases to exist at and beyond the
cosmological horizon. All real physical observers are pulled towards infinity by the river of space beyond the horizon.
Thus, a notion of space where the galaxies physically move through the three-space associated with the rigid reference
frame of a comoving observer is inapplicable to the entire three-space of the universe. We also note that the world
lines of the stationary observers connected with the rigid reference frame deviate from the preferred set of curves
discussed in the introduction.
Hence, according to this analysis, it seems natural to literally define the physical three-space of the universe by the
freely moving reference particles. In this way one obtains a description of the physical three-space of the universe
which is globally consistent. With this global general relativistic interpretation of space it is clear that galaxies move
apart because the space between them expands and not because they move through space. Grøn and Elgarøy18 have
argued for a similar interpretation of space through an analysis of the geodesic equation in Friedmann universe models
and the empty Milne model.
IV. CONCLUSION
In this work we have shown how the concept of global space in general relativity can be conceived of as a continuum
of free reference particles that represent the local inertial frames which define space locally. Within this pictorial
framework space behaves like a river which flows relative to the stationary observers according to the velocity fields
given by Eqs. (32) and (78) in the Schwarzschild- and the de Sitter spacetimes, respectively. The river model of space
thus provides a vivid picture of the dynamical nature of space as it appears in these spacetimes.
In the Schwarzschild spacetime the river of space flows radially inwards from infinity and into the black hole
singularity. At the horizon of the black hole the river of space reaches the speed of light relative to imaginary
stationary observers. Hence, light rays moving outward relative to the river of space remain stationary at the horizon.
This provides an intuitive explanation as to why the fountain picture in Fig. 1 is misleading. Inside the horizon of
the black hole the river of space flows faster than the speed of light relative to imaginary stationary observers. Thus,
light rays cannot escape from the interior of a black hole, but are pulled towards the singularity by the river of space.
Moreover, since physical particles with nonzero rest mass have velocities which are strictly smaller than the speed of
light, all material particles both at and inside the horizon will be carried towards the singularity by the infalling river
of space. The intuitive picture established by the river model of space in the Schwarzschild spacetime qualitatively
concurs with ‘The river model of black holes’ introduced in an earlier work by Hamilton and Lisle4.
The river of space in the de Sitter spacetime flows radially outwards from the origin of an arbitrarily chosen comoving
observer with a recession velocity corresponding to Hubble’s law. At the cosmological horizon associated with the
central observer the river of space reaches the speed of light relative to imaginary stationary observers and, outside
the cosmological horizon, the river of space flows radially outwards faster than the speed of light. Light rays emitted
inwards relative to the river of space therefore remain stationary at the cosmological horizon and are pulled towards
infinity by the river of space outside the horizon. Similarly, all material particles with nonzero rest mass released
either at or outside the horizon are drawn towards infinity by the river of space.
Finally, we have shown that the river model of space in the de Sitter spacetime leads to a natural interpretation
of the expansion of space. At and outside the cosmological horizon the effect of the river of space upon material
particles implies that the very notion of a physical rigid reference frame ceases to exist. Hence, regarding the global
three-space of the universe, the notion that galaxies literally move through three-space is not consistent. In fact,
a globally consistent interpretation would be the opposite view: that the stationary observers of the rigid reference
frame move through the global three-space of the universe. Thus we arrive at the conclusion that the relative ‘motion’
of the galaxies must be attributed to an expansion of the three-space between them.
Appendix A: The three-space of observers comoving with the river of space
An observer falling freely from rest infinitely far away from the central mass is comoving with the river of space.
He has a constant comoving radial coordinate ρ and carries with him a standard clock showing proper time τ . The
transformation between the comoving coordinates (τ, ρ) and the Schwarzschild coordinates (t, r) have been deduced
21
in Refs.19,20 as well as by S. Dai and C. B. Guan21:
t = τ +RS

ln
√
r
RS
+ 1√
r
RS
− 1
− 2
√
r
RS

 , r3/2 = −3
2
√
RS (τ + ρ) . (A1)
In terms of the comoving coordinates in the river of space the line element of the Schwarzschild spacetime takes the
form
ds2 = −dτ2 +
(
2
3
RS
τ + ρ
)2/3
dρ2 +
(
3
2
√
RS (τ + ρ)
)4/3
dΩ2 , (A2)
or
ds2 = −dτ2 + RS
r2
dρ2 + r2dΩ2 . (A3)
This corresponds to the line element of an inhomogeneous universe with anisotropic and position dependent scale
factor.
The simultaneity space of observers moving with the river of space is given by
dl2 =
(
2
3
RS
τ + ρ
)2/3
dρ2 +
(
3
2
√
RS (τ + ρ)
)4/3
dΩ2 . (A4)
An observer with ρ = ρ0 has initially a large negative value of τ which increases towards −ρ0 − (2/3)RS as the
observer passes the Schwarzschild horizon. Hence three-space expands in the radial directon and contracts in the
tangential direction and, as the observer passes the Schwarzschild horizon, the spatial line element reduces to the
Euclidean form
dl2 = dρ2 +R2S dΩ
2 . (A5)
There is no coordinate singularity at the Schwarzschild horizon with these coordinates. The observer arrives at the
physical singularity at r = 0 at a proper time τ0 = −ρ0. The river of space sinks into this singularity.
In order to calculate the coordinate velocity in the Schwarzschild coordinates of a point with constant comoving
coordinate, ρ = const., we first differentiate the expression for r in Eq. (A1) with respect to τ , giving
dr = −
√
RS
r
dτ . (A6)
Then we substitute the expression for r into that for t in Eq. (A1) and differentiate with respect to τ . This leads to
dt = dτ −
√
RS/r
1− RSr
dr . (A7)
From Eqs. (A6) and (A7) it follows that the coordinate velocity is,
dr
dt
= −
(
1− RS
r
)√
RS
r
, (A8)
in agreement with the velocity of a free particle falling from infinity as calculated from the geodesic equation in
Schwarzschild coordinates5 (Eq. 9.39). In Schwarzschild coordinates the velocity decreases to zero at the horizon due
to the gravitational time dilation.
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